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ABSTRACT

A theory of siructural damping in the bending of a simple built-up beamwith
either spliced joints or thin reinforcing spar caps is extended to include banding in
which the screws or rivets block the sliding motion between the cap and the beam .
The analysis assumes that the spar caps ond the beam are held together by rivets
which are distributed continuously and by pressures which depend upon the tight-
ness of the rivet joint. The theoretical results indicate that, for beams with very
flexible rivets, the energy loss per cycle is roughly inversely proportionai to the
tightness of the ioint ond tends to vary as the third power of the enplitude of
vibration, provided the anglitude is not too large. For very small amplitudes,
the same relationship holds for all rivets except very stiff ones. At the opposite

extreme, the theory indicates that, for beams with very stiff rivets, the energy loss
per cycie is directly proportionul ic the tightness of the joint and to the amplitude
of vibration, provided that the amplitude is not too small. For very large amplitudes,

this direct proportionality holds for alil rivets except those which are very flexible .

Experimental mecsurements on a test beam provide a qualitative verification

of the theory.
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tNTRODUCTION

i oA R

i a previous paper (Ref. 1), thc cuthor made o theeoretical study of the bending
s fastened by screws. This analy~

| of a simple buiit~up beam with iic reinforcing spur caps fasten

sis assumes tha? the spar caps and the beam are held together by pressures which depend
upon the tightness of the screw joints and that the screws in the hole: have sufficient
lateral clearance so as not to hinder any sliding motion between the cap and the beam.
Thus, whenever the shear force between the two surfaces has reached the limiting fric-
tion force, a sliding motion begins, and the shear force is redisiributed. The load-de-
flection reiation and the energy loss per cycle of static loading were then determined.

it was found that the non-lirnear component of the icad-deflection curve contains mainly
a second-power term and the energy loss per cycie varies approximately as the third
rower of the amplitude of vibration.

Reference 1 also describes an experimental investigation of the structural damp-
ing in built-up cantilever beams with spliced joints. It is shown that, for a beam with

screw joints, the experimenial results check quite favorably with the analytical sclu-

tion, while for a built-~up beom with tight-fit rivets, the results do not agree with the

theory . |t is the purpose of the present research program io exiend ine theory given in
Refersnce 1 to the bending of built-up beams in which the screws or rivets block the

siiding motion betwean the cap and the beam.

:

ASRL TR 25-14 U




SECTION

THEORETICAL ANALYSIS

2.1 Bending of a Riveted Built-Up Seam

The problem to be considered here is that of a cantilever bec

" l
spar cons, shown in Figure 1, subjected to a vertical sheai load &= ot #he free end.
F
\
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FIGURE 1 CANTILEVER BEAM WiTH REINFORCING 5PAR CAPS

The reinforcing cap is wiiuched to the beam by rivets or by tightly fitted screws. The
sliding motion between the cap and the beam is resisted by friction forces which depend
upon the pressure between and ihe smoothness of the iwo suifaces and upon elastic forces
which depend upon tha shear rigidity of the rivets. To simplify the analysis, it is assumed

that the rivets are so ciosely spoced fhot they can be replaced by a continuous shear joint.

The shear deformation of the riveis varies linearly with the shearing force applied.

It is further assumed that the thickness of the caps is small in compciison to the

depth of the beam so that the moment of inertia of the laminated section can be expressed
by

Z . = I+2’~/}62 )
where
I is the moment of inertia of the beam withcut The caps
ASRL TR 25-14 —p -
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| A is the cross—sectionai area of one cap
4 is the depth of the beam.

Following the reasoning given in Reference 1, it is concluded that, for the
given beam subjected to a shear force F , the shear force distribution along the
plane MW between the cop and the beams may be divided into two regions (see
Figure 2). In the region between M and £ , the sheui force is negative, ond
there is a sliding motion between the two surfaces. Beyond this region, no sliding
motion occurs, and the shear distribution is the same as that of a solid beam.
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q, NI 1
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e
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v L) — =
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FIGIJRE 2 STRESS D!STRIBUTION ALONG THE JOINT

The shear force in the region PN can be determined by the elementary theory
RS T .
g = FA/Z,,, 2)

ASRL TR 25-14 -3 -
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where @ is the static moment with respect to the neutral axis of the cross section
of the spar cop. This is reduced to

g = F/(1+2)A 3)
where
A=2I/Ak @
The shear force in the region MP can be expressed by

9 (x) = @ *r SIXj 65)

w here

Gy i the limiting shear force per unit iength between
the cap and the beom

$(x) is the shear load in the continuous joint per unit
length

. o !\A o
X is the distance meosured from the

-p

st D
RS i .

By considering the equilibrium conditi.i of the segment MP of the spar cap,
one obtains

-~

S

f_{f_'_:é—z-- : s L
s Z, b 4_-0/.5'/70)“?« &

In the present case, the relative displacement between the spar cap and the
beam, rfx) , is equal to the shear deformation of the joint ai the point »* . If

A is the spring constant, defined by the disiributed shear load per unit length re-
quired for a unit displacement, one cbtains
rix) = $(x) /% @)

The unknewn function, $(x), can be determined by the condition of consistency of
deformation.

ASRL TR 25-14 -4 .
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The elongation of the outer fiber for the length X of the beam cen be written

~
elx) =-/ }%d‘: ®)

©

whare M is the bending moment. By substituting

X
Fla-bA
in equation (8), one obtains
4 s
el =261[_F7/%'£12‘—1,+/}9Z’A)2"— +%/f(x)dex- (10)
oo

The corresponding elongation of the spar cap is

X
e 7/ T(x) 45 an
(-]

Ly 4 Flasé) g A 1o ]
in equation (11}, the following result is obtained
o T Fla-b) 9, /Y 7
X)) = o = y /%3 _
et Rl gwaih 7 "= ./ slx} dxdx j (13)
e %

that the elangation of the outer fiber is equal

T““ 'n’rML~'|°n Of f;\e CQ“Q;I;U veikay
to the sum of the elongation of the spar cap and the joint defomation, obtained from

equations (7), (10) and (13), yields

Sx,)

:I[r,,:f M"""")/" nyy ,fz/le(,,,),/w/ S
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Differentiating equation (14) twice produces the following equivaient diiferential equation:

2, ' -
gy A LA o AL 7 4642)]

Ix P S z&x ¢ 30
with the boundary conditions that
J
af x=0 , 5-—“:&-"0. (16)

The solution of equation (15) is

st) =4 ’fﬁ,\ "}fm‘"— = (17)

where

//u / A-/ég,/l*A} )

¢==F/zﬂn

(19)
The substituticn of equation (17) into (6) and soiution for 4 , the region
where the cliding motion occurs, give
- R -.’ d d
= K7 7 e At g ] '
b /“ (1¢ A+ //» (20)

In studying the damping characteristics of a built-up beam, it is -ecessory to
determine the load -deflection characteristics of the beam. As in Reference 1, the
additional deflections which resuir from the fliding motion between the cap and the
beam are investigated. The only difference in ﬂ‘e stress distribution beiween the
solid and the built-up beam is the difference in the bending moment distribution

within the seament A72 . The additional moment at x of the built-up beam is

AM) =[G, + F/enwdrh]h % + A/'Za,uz
/,/ H-/: +¢ )/, J.,,,A;;. @@1)
ASRL TR 25-14 -6 -



Herce, the additional defleciion at the tip of the built-up beam is

Af = "',"‘// -4) / AM)dx 4-/// AM(Z) Jxlz]

% 2

= A lfA-ryi)jC 4 ””{_,_ 7
et M/“ e (22)
{

Substitution of the expression for 4 of equation (20) into equation (22) gives

_ 2.5 (/+>\+¢)/t -
as A a /fwm Tor - £2Azzd

a 552 mi;"'ﬁ%)? /

(23)

It should be remusrked that the load-deflection relation derived above is limited
to the case when there is no residual stress in the structure. During a process of cyclic
loading, residual stress exists in the heam, and a difterent load-defiection relation will
hold. By the same argument given in Reference 1, it can be shown that ofter the re-

producible state hos been reached in cyclic loading, the additional beamdeflection
resulting from the slippcge of joint can again be exprassed by equation (23) excepi ihai

¢ is now defined by
¢ « AF/"[%" (24)

where 4F is the increase in shear load with respect to the lower load limit.

on also be seen thet for very large volue of A , i.e., for the case where

Mo

c
s offer very little resistance, equation {23) becoms

>,

!(‘ -~ ﬁ_a ¢ |
30X r2d] 5

i 5‘5‘:/”"“!)./'4)*'5‘;)1‘ di (25)

This equation is equivalent fo equation (31) of Reference 1.

ASRL TR 25-14 -7 -
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2.2 Energy Loss per Cycle of Static Loading

The energy loss per cycle of static loading is equal to the area of the hyste
loop of the {ood -defiection curve. This area is the same as the area of 4F vs. 44
curve, shown in Figure 3.

{aF) mex c

AF

FIGURE 3 HYSTERESIS LOOP

In this figure, the curve @é¢ is represented by equation (23). The energy ioss per
cyrle of siatic loading is equal to the area enclosed by the curve abcda , which
is equal to twice the shadad area shown in Figure 3. The shaded area can of course
be expressed by

/AF)MI
£@F) (45) 35/ (a8)dla®)

x may

Thus, ihe energy ioss per cycle is

A2y
AW/ = (aF)  (45) - 2] asyabr) (26)

ASRL TR 25-14 = 8=
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By introducing the expression for 43  in equation (23) and by substituting

AF = x/ 4

one obtains

AW/~ = % Alf‘('*a*i“)/' da

EL (iFAT r”/"
- J‘/aA ﬁ;____
(7#Ar
s (27)
It can be seen that for smui! values of ¢,7‘,i.e.,
L Y i - — L /j_,é_q__ ]
(r#d» ¢/*/4 Colde/s $L1redzt)p
equation {27) reduces to
= @rE) a”

awir = o ex g A(1+2 )" (28)

which is equivalent to equation (535) of Reference 1. This indicates that, if the rivets
of the built-up beamare very flexible and the ampl-h-dn is not too large , the energy
loss per cycle varies approximately as the third power of the load amplitude and is
roughly inversely proportional to the tightness of the joint. The same relaticnship
holds for small anplitudes provided that the rivets are not too stiff.

For large values of J/ﬁ r»‘,—-,%:-;; become small compared with 7rea f’%
and equation (27) then becomes 7

i) = 2(aF)ghpa

e (29)

This shows that, if the rivets are very stiff and the amplitude of vibration is very large,

the energy loss per cycle becomes proporhonul to both the load amplitude and the tightness
of the joint. Ths relationship also holds if the ampliitude is iarge, provided that the rivets
are not too flexible.

ASRL TR 25-14 -9 -
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SECTION il

EXPERIMENTAL INVESTIGATION

3.1 Description of the Tesis

To verify the above theory, an expsrimental investigation of the effects of
omplitude of load and of joint tightness on the energy loss in cyclic loading was
carried cut with a simple built-up beam. The test bearn made of steel and had a
cantilever support (sec Figure 4). The cross seciion of the major part of the beam
was |-shaped and reinforced on both sides by spar caps which were fastened with
screws. |t was expected that the sliding motion would occur in the first four inches
from the inboard end of the reinforcing caps and specici fasteners, shown in Detoil
A of Fﬁgure 4, were used in this region. The special fostener consisted of a long
screw which had an appreciable flexibility to permit sliding motion between the
cover plate and the becm . The nuts were set tightly with the plate and the beam;
hence, the sliding motion between the two parts involved bending of the screws.
The screw joint is used here in place of a rivet connection because there is no
way to control the tightness and flexibility of rivets.

The stiffness of the individual fasteners was detemined by using a pair of
sliding blocks which were heid togeiher a single fostener as shown in Figure 5. A
shear force was applied to the sliding block and the relation between the sliding
rotion and the applied force weos determined. It was found that the stiffness of
each screw vaiied between 16,700 lbs/ in and 12,500 ibs/ in with an average of
15,000 lbs/ in for various hghfness of the screws. By refering to an equivalent
joint of cornitinuous properties, the stiffness, & , was 60,00V lbs/ in/in.

The limiting friction between the beam and the plate is a function of the
tightness of the fastener and was detemined by the torque required to stide the
lap-joint specimen shown ir Figure 6. The specimen with a different nurber of
screws and different tightnesses were tested by a tensile testing machine under con-
trolled rate of loading. It was found that the raie of ioading had littie effect on the
limiting sliding friction which is directly proportional to the torque applied to the
screws and approximately propoitional to the number of screws. By referring to an
equivaient joint of continuous properties, the limiting friction, 4, + Wasgiven

by

4, (in Ibs/inch} =20 x {tightness of screw measured in torgue of in-lbs.)

ASRL TR 25-14 -10 -
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10000 DIAL GAGE

I i T2 $nECIAL FASTENER

TITTITTITTIITITIT E —1_ 5 WEIGHT
SLIDING aL;(s5

FIGURE 5 ARRANGEMENT FOR DETERWMINATION
OF SCREW STIFFNESS

The structural damping in tems of the loss of energy per cycie of vibration

was measured by the rate of decay of free vibration, as was done in the previous
investigation of Reference 1. A 60 vound lead mass wos bolted to the free end of
the beam. The beam was deflected to one side by string and then released by cui-
ting the string. The decay of the beamwas measured from a pair of electric stain
goges mounted on opposite sides ¢f the beam close to the root and their recdings
recorded on the Consoiidated dynamic recording equipment. Methods for reducing
the decay data to energy loss per cycle are given in Reference 1 and are also de~
scribed briefly in Appendix A.

Tests ware run under four different values of screw tightness: 2, 4, 6 ond
8 in-lbs of torque. The equivalent values of limiting sliding friction o, are

40, 80, 120 and 1490 Ibs/in, respectiveiy.

3.2 Results of Tests and Comparison with Thecretical Analysis

iog-log plots
at fhe end of

s p

The results of the experimental investigation ars presented by
of the energy loss per cycle against the double amplitude of the load

ASRL TR 25-14 -12 -
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FIGURE 6 ARRANGEMENT FOR DETERMINATION OF
LIMITING SLIDING FRICTION

the baam for four values of screw tightness (see Figure 7). For small amplitude of
vibration the energy loss is approximaic!y proportional to the third power of the
amplitude, while for iarger emplitude it is proportional to o lower power of ihe
stress amplitude . This result agrees with the conclusion obtained by the theoreti-
cal analysis. Figure 7 also presents the theoretical solutions obtained from equa-
tion (27) for comparison. The pertinent data required for this analysis are given
in Appendix A. Figure 7 shows that the experimental results are in qualitative

ASRL TR 25~14 -13 -
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agreement with the theoretical solution. In al! caz=s, the agraeement between the
two curves is fair at the lower amplitude region while the deviation becomes large
at higher ampiitudes.

Tiie offect of the screw tightness on the siructural damping is shown by re-
drawing the jest curves so as to produce the single piot of Figure 8, This figure
reveals that, for low omglitude vibration, rhe ensrgy loss is higher with lower
screw iightness, whiie ot high amplitudes, the effect of screw tightness on the
energy loss becomes iess important. !n fact ot very high amplitudes, the energy
loss tends to become lower for lower screw tightness. This phenomenon has already
been prodicted by the theoretical analysis. The experimenial and theoreticai curves
are ploited sids by side i Figure 8 for comparison. The similarity of the two families
of curves affords o qualitafive proof of the abeve theory.

ASRL TR 25-14 -15 -
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SECTION IV

CONCLUSIONS

An analytice! expression hias beern obtained for the energy loss per cycle of
vibration of a simple built-up beams with rsirforcing spar caps fasiened by rivets.
The general trends as indicated by the theoretical expression are:

1. For beam: with very flaxibls rivets, the energy loss per cycle is roughly
inversely proportional to the tightness of the ioint and approximately proportional
to the third power of the amplitude of vibration, provided the amplitude is not too
large. !f the amplitude is restricted to very smell values, the same relationship for

the energy loss prevails for all rivets except those which are very stiff.

2. For beams with very stiff rivets, the energy loss per cycle is directly
proportional to the tightness of the joint ard the amplitude of vibration, provided
that the amplitude is not too small. For very iarge values of the empiitude, this
direct proportionciity holds for all rivets except those which are very flexible.

The theoretical results have been verified qualitatively by experiments
est beam with various joint tightnesses and amplitudes of vibration.

=
=
[]
bl
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APPENDIX A

REMARKS ON COMPUTATIONS

dd A A
———

S

(1) Ceiculation of Energy Loss per Cycle from Decay Curve

t Refarance 1, the ensigy loss per

)
brs
3
O
=4
o4

©

in the equivalent viscous damping i

cycle is given by :

AW/~ = /(@,_,} YA /7‘1‘,—)

where
JC s the stiffness of the beam

is the amplitude of vibration of the tip mass ot the »+#

P
7.1
Pz cycle
X, is the amplitude of the ath cycle of vibration as shown by the
n i Y y

oscillograph record. !

The amplitude, A,,4 , isrelated to )C,,,é through ¢ calibration
constant which depends on the location of the strain goges and the ettenuation of
the reccrding system.

{2) Theoretical Relations between the Energy Loss per Cycle and the Limiting Friction
and the Load Amplitude

The thecretical relation is given by equation (27),

2 a 3
4%, sz: 1 A*SU[(”?‘G#) aad 954____7
e

AW/N =

where

g s the limiting sliding friction in lbs/in
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A is the depth of the I-bearn = 1"
€ is Young's modulus = 30 x 100 p.s.i.
I is the moment of inertia of the |-beam = 0.0545 in4

a is the length of minforcing cap = 7.5 in

2&EL _':
P~ JTF e

/ { e A%+ A)

A is the stiffness of the screw = 40,000 k. /in/in

__7.£_.i-
4 A4

A =
A is the cross~sectional area of the spar cap
& = AF /29, h

A4F is the double load amplitude.

I The dimensions of the beam are given in Figure 9,
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FIGURE ¢ DIMEMNSIONS OF TEST BEAM

From the given data, the following results are obtained:

A =0.872
/" =5.4 in
ASRL TR 25-14 -30 -
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and A4F = 23,P (A.2)

Then, from equations (A.1) end (A.2) the relation between AW/~vand AF con be
calculated for uny given value of limiting sliding friction, QM
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